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Driven dissipative steady state entanglement schemes take advantage of coupling to the envi-
ronment to robustly prepare highly entangled states. We present a scheme for two trapped ions to
generate a maximally entangled steady state with fidelity above 0.99, appropriate for use in quantum
protocols. Furthermore, we extend the scheme by introducing detection of our dissipation process,
significantly enhancing the fidelity. Our scheme is robust to anomalous heating and requires no
sympathetic cooling.
Decoherence is notorious for being a major obstacle
to the development of quantum technologies that require
sustained quantum coherence. Typically, the interaction
of a quantum system with its surrounding environment
drives the system towards states with no traces of quan-
tum behaviour. However, it has long been recognised
that this does not have to be the case: by combining
the irreversible decoherence dynamics with suitably cho-
sen Hamiltonian evolution, one can design artificial reser-
voirs to steer the system to the desired stationary states.
This quantum reservoir engineering method [1] has been
used to investigate decoherence [2, 3] and to design ro-
bust non-classical states [4] in the motional degrees of
freedom of trapped ions.
More recently, the interest in designing dissipative pro-
cesses has been renewed with proposals to engineer many-
body quantum states [5, 6] and even perform quantum
computation [6]. Engineered reservoirs are robust to pre-
existing natural decoherence sources [4] and also to vari-
ations of parameters and initial conditions. This has led
to a number of proposals to prepare and stabilise quan-
tum steady-states in a variety of systems [7, 8], including
cavity quantum electrodynamics [9, 10], optomechanical
systems [11, 12], and superconducting qubits [13]. Al-
though experimentally challenging, engineered dissipa-
tion has been used to generate entanglement in atomic
ensembles [14], to implement quantum operations in ion
traps [15], and more recently to prepare Bell states in
superconducting qubits [16] and in ion traps [17].
Despite the intrinsic robustness of dissipative driven
dynamics, the steady-state fidelities achieved in recent
trapped ion experiments are far below the high fideli-
ties achieved with more traditional time-dependent en-
tangling gates [18] and, therefore, still much lower than
the fidelities required for a quantum information process-
ing (QIP) system [18, 19]. In [15], for example, the en-
tangling mechanism relies on successive applications of
quantum gates to generate a quantum operation. Even
though a fidelity of 0.91 has been achieved for a single
cycle, fidelity decreases as the dynamics approach the
continuous dissipative master equation limit. In con-
trast, Lin et al. [17] used continuous, time-independent
fields and achieved fidelities of up to 0.75 that could be
boosted to 0.89 using stepwise application of laser fields.
In this case, the fidelity is limited by the intrinsic loss
mechanisms present in the particular continuous driving
scheme adopted.
In this paper we propose a steady-state scheme with
fidelity above 0.99, which is further enhanced by pho-
todetection. Driven dissipation continuously pumps the
system towards an asymmetric Bell steady-state, which is
dark to the system dynamics. The dominant loss mecha-
nism is anomalous heating of the motional modes, reduc-
ing our fidelity by less than 0.01 for current experimen-
tal rates. Our scheme does not use sympathetic cooling,
required in [17], making it significantly simpler to imple-
ment.
We enhance our scheme by combining the dissipative
state preparation with the detection of photons. Im-
provement in state generation through conditional dy-
namics has been explored in schemes relying on feed-
back [20–22] and also used recently in [16]. Here we
show that by conditioning the system dynamics to the
detection of photons spontaneously emitted into the en-
vironment, we obtain a significant fidelity enhancement
with detection efficiencies of 10%.
Our level scheme, shown in Figure 1, demonstrates the
entanglement mechanism. Lasers addressing both ions
drive the carrier frequency at Rabi (angular) frequency Ω
between ground (|g〉) and excited (|e〉) metastable states,
couple the internal states to a motional mode by driving
the red sideband at frequency Ωr, and excite the atoms
from the ground to temporary level (|t〉) on the red side-
band at frequency Ω′r. The temporary level decays at
rate γ′s. The result of a decay event is an equal mix-
ture of the Bell symmetric and antisymmetric states, as-
suming that the ions remain indistinguishable upon any
detection of the outgoing photon. The antisymmetric
(internal), ground (motional) state is a dark state of the
system as there are no available transitions for the red
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FIG. 1. Level scheme for the model with metastable levels |g〉
and |e〉, and temporary (short-lived) level |t〉. The state |ab〉
represents the tensor product |a〉 ⊗ |b〉 of the individual ion
states. The first motional sideband is marked by (1). Note the
spontaneous emission from level |t〉 marked by dotted arrows.
The superpositions involving |te〉 both decay to an equal clas-
sical mixture of the symmetric and antisymmetric Bell states.
Motional heating and the much slower spontaneous emission
from |e〉 are omitted for clarity.
sideband lasers, and the carrier transition laser jointly
illuminates both ions, causing destructive interference to
cancel any dynamics for this state. In contrast, the sym-
metric component is driven back to the temporary level,
providing increasing population in our target antisym-
metric state. We omit the motional heating channel in
Figure 1 for clarity. Heating populates the excited mo-
tional sidebands which in turn couple out of the dark
internal state, the dominant loss mechanism.
We couple to red sidebands both for motional cooling
and to keep the motional ground state of the antisym-
metric state dark to the temporary level coupling. The
system dynamics are described by the master equation:
ρ˙ = Λ(ρ)− iΩ′r[((b1 + b2)a† + (b†1 + b†2)a), ρ]
+ γ′s(D[b1]ρ+D[b2]ρ), (1)
Λ(ρ) ≡ −iΩ[(J+ + J−), ρ]− iΩr[(J−a† + J+a), ρ]
+
∑
i
γsD[σi−]ρ+ hr(D[a]ρ+D[a†]ρ) (2)
where J+ = σ
+
1 + σ
+
2 and J− = σ
−
1 + σ
−
2 , and where
σ
+(−)
i (de)excites atom i between the ground and ex-
cited metastable levels. The annihilation operator a acts
on the motional mode, and bi describes the |t〉 → |g〉
transition for atom i. The metastable lifetime of the
atoms is γs, the lifetime of the temporary level is γ
′
s,
and hr is the trap anomalous heating rate. Decay and
heating are represented by the decoherence superopera-
tor D[A]ρ = AρA†− 12 (A†Aρ+ρA†A). The usual heating
rate decoherence terms have prefactors based on bath
temperature (n¯ and (n¯ + 1)), but in the limit of large
n¯, the prefactors both become hr (number of phonons
gained per second).
Typical trapped ion species such as 40Ca+ have suit-
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FIG. 2. Asymptotic error (E = 1 − Fidelity) for different
anomalous heating rates hr. Error is plotted over time for
Ωr = 20 krad/s, Ω = 26 krad/s, γs = 1 s
−1 for different
heating rates.
able level structures for our scheme. We take the S1/2
level to be |g〉, and the 40Ca+ metastable level D3/2
can be used as an excited qubit state |e〉 with a life-
time of around 1 s [23]; we thus set our decay rate
γs = 1 s
−1. The P3/2 level (|t〉) has decay rates on
the order of γ′s = 10
8 s−1. Ω′r should be set such that
γ′s  Ω′r/(2pi) and the temporary level is negligibly popu-
lated, keeping the population in the qubit manifold. We
set Ω′r = 10
6 rad/s in the following analysis. For the
specific 40Ca+ case, no such single-photon transition ex-
ists, however a two-photon transition coupling to the P3/2
(|t〉) level via the D5/2 level would be effective, leaving
the D3/2 (|e〉) qubit state untouched. Here off-resonant
excitations marginally reduce the fidelity as quantified
later in the Letter.
For γ′s much greater than the other evolution rates, we
can adiabatically eliminate the temporary level to sim-
plify calculation:
ρ˙ = Λ(ρ) +
4Ω′2r
γ′s
(D[|g〉1〈g|a]ρ+D[|g〉2〈g|a]ρ), (3)
where |g〉i〈g| is the ground state projector for atom i.
This projector arises from the ground to temporary level
coupling, leaving the excited state invariant.
The master equation gives the dynamics of the Bell an-
tisymmetric state population shown in Figure 2 for a |gg〉
initial state, using the coupling values Ωr = 20 krad/s
and Ω = 26 krad/s. Fidelity is defined as the pop-
ulation in the Bell antisymmetric state, and infidelity
E = 1 − Fidelity. After several milliseconds, the sys-
tem converges to an asymptotic high-fidelity Bell state.
Anomalous heating varies depending on trap specifics,
however heating rates below hr = 10 phonons/s have
been achieved [24]. This provides a fidelity around 0.997,
while 100 phonons/s gives a fidelity of 0.980. Simulations
were performed using the XMDS package [25, 26].
The master equation analysis follows the dynamics of
a system without a measurement process. A key compo-
nent of driven dissipative schemes like ours is the spon-
3taneous emission from a temporary level. The system is
driven towards a spontaneous emission event whenever it
is not in the dark state: a detection event means that our
fidelity is low. Conversely, a lack of detection events indi-
cates that our system is in the dark state. Not detecting
emissions thus heralds a high fidelity Bell antisymmet-
ric state, an improvement over our unconditional steady
state fidelity. Detecting spontaneous emission events is
challenging; for the following analysis we consider a pho-
todetector collecting ξ = 10% of emissions.
A stochastic master equation [27, 28] represents a par-
ticular trajectory of the system with a particular detec-
tion record. The equation describes the evolution of the
conditional density matrix ρC for this detection record.
Poissonian noise dN provides random spontaneous emis-
sion times interspersed with continuous evolution. After
adiabatic elimination for large γ′s, the stochastic master
equation is
dρC =
∑
i
dNi
(
J i−ρJ
i†
−
Tr[J i†− J i−ρ]
− ρ
)
+ dt{Λ(ρ)
+
4Ω′2r
γ′s
[(1− ξ)D[J i−]ρ+ ξ(−
1
2
(J i†− J
i
−ρ
+ ρJ i†− J
i
−) + Tr[J
i†
− J
i
−ρ]ρ)]}, (4)
where
J i− = |g〉i〈g|a, (5)
E[dNi] = dtTr[|g〉i〈g|a†aρ] 4ξΩ
′2
r
γ′s
. (6)
Averaging this equation for different noise records re-
turns the unconditional master equation, equation (3).
Trajectories corresponding to particular measurement re-
sults were determined, as shown in Figure 3. Sponta-
neous emission detection events cause the drops in fi-
delity, which are interspersed by convergence to a steady
fidelity value. The ion emission events are assumed to be
indistinguishable. Note that the choice of detected J i−
events could be replaced by (a)symmetric events J− =
a(|g〉1〈g| + (−)|g〉2〈g|), which leads to the same asymp-
totes and negligible change in the convergence time.
Following a detection event, our fidelity is driven by the
system to some high steady state value unless we observe
another detection event. Figure 4(a) shows the infidelity
after a detection event conditioned on no further detec-
tions. Figure 4(b) provides the probability that no sub-
sequent detection will occur as a function of time, given
a large heating rate hr = 1000 phonons/s. This proba-
bility is over 40% at the fidelity asymptote of 0.895 for
this heating rate. For systems with less heating, reaching
the asymptote becomes more probable. Note also that if
no detection event is observed since initialisation of the
system, the same asymptotic convergence occurs.
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FIG. 3. Asymmetric Bell state error over time for a particular
trajectory of equation (4) for hr = 100 phonons/s, Ωr =
20 krad/s, Ω = 26 krad/s. The detection efficiency ξ = 10%.
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FIG. 4. For Ωr = 20 krad/s, Ω = 26 krad/s, ξ = 10%, (a):
Log10 of the asymmetric Bell state infidelity (error) after a
detection event, conditioned on no subsequent detections for
different heating rates. Error bars mark the standard error,
smaller than the data points. The dashed lines represent the
steady state infidelity with no photodetector. (b): The prob-
ability of observing a single detection event and no further
detections as a function of time for hr = 1000 phonons/s.
The increase in fidelity given by introducing a mea-
surement with 10% detection is significant, while lower
detection naturally gives less fidelity gain. Table 1 ex-
plicitly shows the gain in fidelity for the conditional sys-
tem with different detection efficiencies FC(ξ) over the
unconditioned, measurement free system FU .
The model includes the effects of anomalous heating
and spontaneous emission events, and we characterise
the loss of fidelity that these processes introduce for
the steady state scheme in Figure 5. The robust na-
4hr(phonons/s) FU FC(1%) FC(3%) FC(10%)
1 0.9994 0.9994 0.9995 0.9996
10 0.9975 0.9977 0.9979 0.9985
100 0.9797 0.9810 0.9832 0.9881
1000 0.8404 0.8476 0.8607 0.8954
TABLE I. Fidelity F asymptotes for different heating rates,
hr. FU is for the (unconditioned) system without measure-
ment, which is contrasted with FC , for the (conditional)
system with 1%, 3% and 10% spontaneous emission detec-
tion. These values are for Ωr = 20 krad/s, Ω = 26 krad/s,
γs = 1 s
−1.
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FIG. 5. The scheme is robust to noise: the steady state error
as a function of anomalous heating rates hr and metastable
excited state lifetime γs. Here Ωr = 20 krad/s, Ω = 26 krad/s.
The fit is a simple model based on steady state population
transfer rates.
ture of the scheme is highlighted, as the infidelity E
roughly increases with the first order of the heating rate.
Metastable lifetimes above one second are readily achiev-
able, thus the error from spontaneous emission is negli-
gible.
The effect of laser instability or frequency errors in
the coupling parameters is also important. The steady-
state behaviour is resistant to fluctuations in laser inten-
sity. Figure 6 demonstrates the robustness to variation in
the coupling parameters Ω and Ωr, where fidelity ' 1 is
reached for a range of the coupling rates. Note that the
anomalous heating is assumed to be negligible for this
analysis, and the metastable spontaneous decay is set to
γs = 1 s
−1.
We have assumed a uniform decay from the temporary
level to our ground computational level. For 40Ca+, the
branching ratios to S1/2, D5/2 and D3/2 from the P3/2
temporary level are 0.9347(3), 0.0587(2) and 0.00661(4)
respectively [23]. Using these ratios and 40Ca+ trap pa-
rameters from [24], we find an unconditional fidelity of
0.989 and a conditional fidelity of 0.995. The dominant
error in this system is from off-resonant excitations on
the cooling transitions, which leads to loss from our tar-
get state. The fidelity given is optimised to balance the
cooling rate, 104 phonons/s here, with off-resonant loss.
FIG. 6. Log10 of the steady state error for different energy
level coupling values, Ω and Ωr. The scheme performs well,
with E < 10−3 for a range of values. Low values of Ω/Ωr
(below around 0.2) do not reach the error asymptote before
our imposed time cap of 0.1 s, giving the sharp error rise in
this region. High Ω/Ωr leads to occupation of high motional
levels. We truncate at 20 motional levels and consider only
parameters with population below 10−6 of the maximal level.
Here γs = 1 s
−1, and hr = 0 phonons/s.
The temporary level decay to the D5/2 and D3/2 levels
has little effect as this population continues to be pumped
towards the target state.
In summary, we make use of driven dissipation, with
dynamics chosen such that the Bell antisymmetric state
is a dark state of our system. We then introduce mea-
surement of the spontaneous decay, which indicates when
the system is not in the dark state. Conversely, when no
decay is observed, we note a significant increase in the
(conditional) steady state fidelity; for our 40Ca+ model
with anomalous heating of 5.3 phonons/s [24], the fidelity
is 0.995. The effects of spontaneous emission are also
incorporated in the scheme, and its steady-state nature
provides robustness to noise in the lasers.
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